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Abstract
In a heuristic manner, we discuss the effect of the modified dispersion relation (MDR) on the thermodynamics of a Schwarzschild black hole
(including the corrections to black hole temperature and entropy). Different from the generalized uncertainty principle (GUP), the linear-in-lp
term of MDR provides a correction of order of the square root of the black hole area, besides a logarithmic correction. MDR may be constrained
to a certain extent. The relation between MDR and GUP is also discussed.
© 2006 Elsevier B.V. Open access under CC BY license.About thirty years ago, Bekenstein introduced the concept
of black hole entropy from the viewpoint of information the-
ory [1]. He further argued that the entropy should be propor-
tional to the area of black hole, based on some arguments of
quantum theory and general relativity. Concretely, the mini-
mum increase in horizon area (A) is a nonzero value (of order
of Planck area l2p), when a particle absorbed by a black hole
and the information of one bit is lost. So the linear relation
between entropy and horizon area is obtained. Hawking [2] dis-
covered the thermal emission from black hole and supported
the Bekenstein’s argument. Bekenstein did not take into account
the effect of quantum gravity on black hole physics. His orig-
inal argument was based on the standard uncertainty relation
and the standard energy–momentum relation, which are crucial
for the linear relation between the black hole entropy and the
horizon area. From the viewpoint of Euclidean theory of quan-
tum gravity [3], Bekenstein–Hawking entropy arises from the
classical action of gravitational field. However, black hole ther-
modynamics hints at something about the nature of quantum
gravity, because the degrees of freedom of gravitational field
are involved inevitably. To have a better understanding of the
black hole entropy, the corrections to Bekenstein–Hawking for-
mula should be considered.
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Open access under CC BY license.Besides Euclidean path integral method, Wald also proposed
a general formula for computing the black hole entropy, which
is known as Noether charge method [4,5]. This method gener-
alizes black hole thermodynamics to a general diffeomorphism
invariant theory. In which, the first law of black hole thermody-
namics is derived from a diffeomorphism invariant Lagrangian,
and the black hole entropy can be expressed as an integral of
the Noether charge associated with the horizon Killing vec-
tor field. Wald’s formula has been applied to generalized the-
ories of gravity including higher derivative terms,1 and it is
also applicable to string theory [10]. It has been shown that
Bekenstein–Hawking formula suffers some modifications, in
the presence of higher order terms.
It is often stated in the context of quantum gravity that there
exists a minimal length scale beyond which the concept of
spacetime becomes meaningless. As an important candidate for
quantum gravity, string theory contains a fundamental length
scale which enters the string scattering processes.2 Further-
more, Heisenberg uncertainty principle could be generalized to
1 For example, see Refs. [6,7]. Such terms appear in the theory of quantum
fields in curved spacetime [8], and in the construction of an effective action for
string theory [9].
2 For the collision involving the ordinary string states, see Refs. [11,12].
A wider analysis including arbitrary objects was done by Yoneya in 1987,
which leads to the proposal of space–time uncertainty relation [13,14]. Since
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(1)xp  1 + ηl2p(p)2,
which is also supported by some gedanken experiments inde-
pendent of string theory [21–23]. Correspondingly, the simplest
commutator reads [24,25]
(2)[x,p] = i(1 + ηl2pp2),
where η is a dimensionless parameter. GUP (1) may prevent a
Schwarzschild black hole evaporating completely [26]. On the
other hand, a modified dispersion relation (MDR) of the form
(3)E  p + α1lpE2 + α2l2pE3 + · · · ,
is suggested in the context of loop quantum gravity [27–31],
where α1, α2 are to be determined. The emergence of MDR
can be attributed to a fluctuating background dominated by
quantum effects. At least on the level of phenomenology, the
dispersion relation of a particle propagating through a fluctuat-
ing spacetime is different from that moving in a smooth back-
ground.3 Now we confront with two faces of quantum gravity:
the generalization of Heisenberg uncertainty principle and the
modification to dispersion relation. At a first glimpse, GUP and
MDR are different stories because they belong in quantum the-
ory and relativity, respectively. However, both introduce the
Planck length lp and play the similar roles in the black hole
physics [26–29,33]. It implies that GUP is closely related to
MDR. Present work continues to discuss the effect of quantum
gravity on black hole thermodynamics. This time we consider
MDR. We will compare our result with Ref. [26], and try to gain
an insight into the relation between GUP and MDR. We first
consider the corrected temperature, and then derive the correc-
tions to entropy from the first law of thermodynamics. Present
work is also based on a heuristic analysis, like Ref. [26]. It is
enough for a qualitative conclusion, if we are not in pursuit of
a precise result.
Following from [26], the temperature of a Schwarzschild
black hole, is regarded as the characteristic momentum of the
photon emitted from the horizon, and required to satisfy the
modified position–momentum uncertainty relation. The correc-
tion to Hawking temperature is attributed to the modification
to usual uncertainty relation, meanwhile the dispersion rela-
tion remains invariant. However, we would like to stress that
our starting point is the modified dispersion relation, instead
of the generalized uncertainty principle. We consider the effect
of the modified dispersion relation on the Schwarzschild black
hole’s temperature. To prepare the following discussions, we
first write down the energy–position uncertainty
(4)
xE ∼ ∣∣[x,E]∣∣= ∂E
∂p
= (1 − 2α1lpE − 3α2l2pE2 + · · ·)−1
Yoneya’s relation is likely to play the role of fundamental principle in string
theory, it will be discussed in the last part of this Letter.
3 Loop quantum gravity is not the unique source that modifies the dispersion
relation. Other considerations can also motivate the modifications to dispersion
relation. For example, the dispersion relations of graviton and perhaps of other
particles are effectively modified in the presence of higher derivative terms.which is based on Eq. (3), and the position–momentum uncer-
tainty is invariant.
The black hole temperature can be estimated by the combi-
nation of quantum theory and Newtonian gravity [34], where
the black hole radiation is attributed to the effect of tidal force
on the virtual particles near the black hole. According to the
usual dispersion relation E ∼ p, a pair virtual particles with en-
ergy uncertainty E can be separated at most by a distance
(E)−1. The virtual particles become a real pair, when the en-
ergy uncertainty E equals the work done by the tidal force of
black hole. Such a scenario provides a basis for a heuristic way
of deriving black hole emission: the characteristic energy can be
regarded as the Hawking temperature qualitatively [34]. Since
the modified dispersion relation deforms the position–energy
relation of a pair of virtual particles, the black hole tempera-
ture should suffer a modification. In the following discussion,
we shall reexamine the argument of Ref. [34] and explore the
corrected temperature.
Strictly speaking, we should take the general relativity when
considering the effect of tidal force near the horizon. However,
starting from the geodesic deviation equation of general relativ-
ity, the tidal force along the radial direction reads
(5)F = 2GME
r3
z, z  r,
which is similar to the formula of Newtonian gravity [34],4
where z = r is a variable. When a pair of particles near the
horizon is apart by a distance x, the work done by the tidal
force is
W =
x∫
0
F dz.
We cannot substitute (5) into the above equation directly, be-
cause x is not necessarily small enough. We set δ = x/N ,
N is an integer and makes δ small enough. The tidal force in
the vicinity of r + nδ is given by
Fn = 2GME
(r + nδ)3 z, n = 0,1,2, . . .
so we have
W ≈
N−1∑
n=0
δ∫
0
Fn dz
N
δ∫
0
F0 dz = N GME
r3
δ2
= GME
Nr3
(x)2  GME
r3
(x)2.
Considering Eq. (4), we further obtain
(6)W  GM
r3E
[
1 − 2α1lp(E) − 3α2l2p(E)2 + · · ·
]−2
,
4 A similar case is that the gravitational radius of a SBH can be obtained from
non-relativistic theory of gravity, qualitatively.
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is derived from the contribution of vacuum energy fluctuation
near the black hole. When a pair of virtual particles becomes
real, the least work done by the tidal force must be of order of
the energy uncertainty, i.e., W E. So the above inequality
becomes
(7)GM
r3
 (E)2
[
1 − 2α1lp(E) − 3α2l2p(E)2 + · · ·
]2
.
Considering r  Rs ∼ 2GM , the above inequality can be de-
duced to
(8)(E)[1 − 2α1lp(E) − 3α2l2p(E)2 + · · ·] 1Rs .
Solving the inequality, we have
(9)
E < R−1s
[
1 + 2α1lpR−1s +
(
8α21 + 3α2
)
l2pR
−2
s + · · ·
]≡ Ec,
where the energy fluctuation is not allowed to exceed the Planck
scale. Now we discuss the physical signature of the characteris-
tic energy Ec. Inequality (9) imposes a constraint on the energy
of particles emitted from the black hole. Although present dis-
cussion is heuristic and the constraint is not a rigorous conclu-
sion, it at least implies that the probability of producing those
particles with energy E < Ec is dominate. On the other hand,
the thermal nature of Hawking radiation means that the produc-
tion of those particles with energy E > T is effectively sup-
pressed by a Boltzmann factor, exp(−E/T ). Now we have
two scale: characteristic energy Ec and the temperature T . They
play the similar role and may be identified with each other. Fur-
thermore, when the standard dispersion relation is maintained,
i.e., α1 = α2 = 0, we have
Ec → 1
Rs
= 1
2GM
,
which agrees with the Hawking temperature up to a factor
1/4π . Based on these heuristic arguments, we identify Ec given
by Eq. (9) with the modified temperature, up to a calibration
factor 1/4π . Correspondingly, the corrected entropy reads
S = l−2p
∫
T −1 dRs
(10)∼ A
l2p
− α1
√
A
lp
− (8α21 + 3α2) ln(A/l2p)+ · · · ,
where we are not precise in the coefficients. We see that the
correction to black entropy is associated with the modified dis-
persion relation. The formula (10) provides the √A correction
to black hole entropy if α1 	= 0. This means that the
√
A cor-
rection is attributed to the linear-in-lp term of the modified
dispersion relation. However, we find that there is no
√
A type
correction to black hole entropy in Refs. [26,33]. This implies
that the α1 term in Eq. (3) should be declined, if MDR and GUP
are really associated with the same correction to black hole en-
tropy.
A natural constraint comes from the requirement of theoreti-
cal consistency. As an example, Wald’s Noether charge method
can be applied to the generalized gravity with higher derivativeterms, which is a powerful tool for computing the black hole
entropy. In a heuristic manner, the correction to Bekenstein–
Hawking formula can be also discussed by considering the
modified dispersion relation due to the higher derivative terms.
It is expected to be consistent with the result following from
Wald’s method. Indeed, a similar constraint on (3) has been
argued in Ref. [27], where the Bekenstein’s analysis was reex-
amined. On one hand, MDR arises from loop quantum gravity;
on the other hand,
√
A type correction does not appear in the
framework of loop quantum gravity [32]. For consistency of
theory, the
√
A correction (relating the linear-in-lp term of the
MDR) should be removed from Eq. (3). The α2 term is pre-
ferred since it leads to a logarithmic correction. It is stressed
that the line of our argument is different from Ref. [27]. We
first consider the corrected temperature instead of information
theory and black hole entropy. In particular, our argument is
independent of Bekenstein’s analysis. This difference has non-
trivial significance for the argument of [27]. The starting point
of Bekenstein’s analysis is
(11)A ∼ xE,
but the relation itself is not corrected by quantum gravity in
Ref. [27]. This is a flaw. However, our work implies that the cor-
rection to (11) may be unessential and the argument of Ref. [27]
need not be changed. Certainly, we should take into account the
correction to (11) directly. It is a nontrivial task, because the
motion of a particle with MDR in curved space should be re-
examined carefully. We are still busy finding a solution to this
problem.
Naturally, someone maybe guesses that MDR and GUP are
two equivalent pictures of quantum gravity, like Schrödinger’s
wave mechanics and Heisenberg’s matrix mechanics. A pre-
liminary link between GUP and MDR can be established by
the observations on their effects on black hole thermodynam-
ics. Indeed, the similar corrections to the black hole entropy are
obtained if MDR is constrained to a certain extent [27]. Present
work is an evidence for this link, alone another line of argu-
ments. To have a better understanding of the relation between
GUP and MDR, more discussions are necessary. Let us start
with the modified dispersion relation (3) again. Setting α1 = 0,
Eq. (3) is deduced to
(12)E  p + α2l2pp3 + · · · ,
and then
(13)xE = ∣∣[x,E]∣∣= ∂E
∂p
= 1 + 3α2l2pp2 + · · · ,
where the position–energy uncertainty is derived from the mod-
ified dispersion relation, in terms of usual Heisenberg’s commu-
tator [x,p] = i. On the other hand, the generalized commutator
(2) implies
(14)xE ∼ ∣∣[x,E]∣∣= ∣∣[x,p]∣∣∂E
∂p
= (1 + ηl2pp2)∂E∂p .
With the invariant dispersion relation E ∼ p, the above equa-
tion is deduced to
(15)xE ∼ 1 + ηl2pp2,
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the higher corrections of MDR. This means that the effect of the
modified dispersion relation can be attributed to the generaliza-
tion of Heisenberg principle. However, one must be careful with
this identification. After all, it involves two different concepts
whose relation is subtle. A crucial question is whether GUP can
be regarded as a basic principle.
From the viewpoint of string theory, the relation (1) is not
universally valid [35–37], although it was firstly inspired from
string theory about 20 years ago. The relation (1) leads to a
minimal length of order Planck or string scale, and it cannot
be applied to the dynamics of D-branes in the weak coupling
limit.5 Based on the analysis of high energy collision of arbi-
trary objects, the space–time uncertainty relation is given by
[13,14]
(16)XT ∼ l2s ,
which was firstly suggested by Yoneya in 1987. Different from
the generalized relation (1), the minimal length cannot be de-
rived from (16) directly. Following from the viewpoint of the
space–time uncertainty relation, the observable length x is the
average of spatial and time distances [14,35,37], i.e.,
x ∼ T + X
(17)∼ T + l
2
s
T
.
Considering the time–energy uncertainty relation, we have
x ∼ 1
E
+ l2s E,
which is almost the same as the relation (1). The minimal length
is obtained only if X = T . It is not the generalized position–
momentum uncertainty relation (1), but the space–time uncer-
tainty relation (16) that plays the role of a candidate for fun-
damental principle in string theory. This is not only because
(16) can be applied to the dynamics of D-particles, but also it is
closely associated with the st-duality of string scattering ampli-
tudes [13] and the conformal invariance of the world-sheet [14].
However, (1) is not only inspired by string theory, but
also derived from some thought experiments [21–23]. These
gedankens are independent of string theory. One cannot com-
pletely exclude the possibility that the relation (1) plays the
role of a fundamental principle outside the string theory. In the
realm of usual quantum mechanics dominated by [x,p] = i, the
momentum eigenfunction is given by ψ(p) = exp(ipx). As the
spatial periodicity, the de Broglie wavelength reads λ = 2π/p.
This formula is independent of the energy–momentum rela-
tion.6 Quantum mechanics suffers a modification and the mo-
mentum space wave-function is essentially changed into a very
complicated form [24,25], if GUP is a fundamental principle.
It leads to a deformed wave-particle duality, and the modified
5 Concretely speaking, the typical scale in the collision of D0-branes is of
order g1/3s ls , which is much less than string scale when the string coupling
satisfies gs  1.
6 We remember that either the non-relativistic or relativistic momentum sat-
isfies the de Broglie formula.de Broglie formula is presented as follows [24,25]
(18)λ′ = 2πlp
arctan(lpp)
= 2π
p
+ 2πlpp
3
+ · · · ,
where dimensionless parameter η is set to be unity. The cor-
rection to the de Broglie wavelength can be tested in principle.
One should obtain some different results when the modified de
Broglie formula really enters the diffraction of light. Certainly,
present measurements may not find out this difference, because
of the absence of enough precision.
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